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Collapse of Axially Compressed Cylindrical Shells with
Random Imperfections

J. Arbocz* and J. M. A. M. Holt
Delft University of Technology, Delft, The Netherlands

The establishment of an International Imperfection Data Bank is discussed. Characteristic initial imperfection
distributions associated with different fabrication techniques are shown. Using the first-order, second-moment
analysis, a stochastic method is presented, whereby the stability of isotropic, orthotropic, and anisotropic
nominally circular cylindrical shells under axial compression, external pressure, and/or torsion possessing general
nonsymmetric random initial imperfections can be evaluated. Results of measurements of initial imperfections
are represented in Fourier series and the Fourier coefficients are used to construct the second-order statistical
properties needed. The computation of the buckling loads is done with standard computer codes and includes
a rigorous satisfaction of the specified boundary conditions. It is shown that the proposed stochastic approach
provides a means to combine the latest theoretical findings with the practical experiences spanning about 75
years in an optimal manner via the advanced computational facilities currently available.

I. Introduction

W ITH the arrival of the era of supercomputing there is
a tendency to replace the relatively expensive experi-

mental investigations by numerical simulation. The use of
large general purpose computer codes for the analysis of dif-
ferent types of aerospace, marine, and civil engineering struc-
tures is by now well accepted. These programs have been
used successfully to calculate the stress and deformation pat-
terns of very complicated structural configurations with the
accuracy demanded in engineering analysis.

However, there exist numerous complex physical phenom-
ena where only a combined experimental, analytical, and nu-
merical procedure can lead to an acceptable solution. One
such problem is the prediction of the behavior of buckling
sensitive structures under the different loading conditions that
can occur in everyday usage.

The axially compressed cylindrical shell represents one of
the best known examples of the very complicated stability
behavior that can occur with thin-walled structures. For thin
shells that buckle elastically initial geometric imperfections1'2
and the effect of the different boundary conditions3"5 have
been identified as the main cause for the wide scatter of the
experimental results. However, this knowledge has not been,
as yet, incorporated into the current shell design manuals.

These design recommendations6"8 all adhere to the so-called
lower bound design philosophy and as such recommend the
use of the following buckling formula:

P < F. S. (1)

where Pa = allowable applied load; Pcrit = lowest buckling
load of the perfect structure; y = "knockdown factor"; and
F.S. — factor of safety.

The empirical knockdown factor y is so chosen that when
it is multiplied with Pcrit, the lowest buckling load of the
perfect structure, a lower bound to all available experimental
data is obtained. For isotropic shells under axial compression
this approach yields the lower bound curve9 shown in Fig. 1.
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Fig. 1 Test data for isotropic cylinders under axial compression.9

It has been hoped that with the large-scale introduction of
advanced computer codes, which incorporate the latest the-
oretical findings, an alternate design approach could be de-
veloped that would no longer penalize innovative shell design
because of the poor experimental results obtained elsewhere.
The main difficulty in applying these new analysis procedures
lies in the fact that they require some advanced knowledge
of the initial geometric imperfections of the structure under
consideration, which is rarely available. For a prototype the
imperfections can be measured experimentally and then they
can be incorporated into the theoretical analysis to predict
the buckling load accurately. This approach, however, is im-
practical for the prediction of the buckling load of shells man-
ufactured in normal production runs. The best one can hope
to do for these shells is to establish the characteristic initial
imperfection distribution10"12 that a given fabrication process
is likely to produce, and then to combine this information
with some kind of statistical analysis of both the initial im-
perfections and the corresponding critical loads, a kind of
statistical imperfection-sensitivity analysis.

The central goal of the shell research reported in this paper
is the development of "improved shell design criteria." The
improvements with respect to the presently recommended
shell design procedures are primarily sought in a more selec-
tive approach by the definition of the "knockdown" factor y.
Thus, for instance, if a company takes great care in producing
its shells very accurately, and if it can show experimentally
that the boundary conditions are defined in such a way that
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no additional imperfections (especially at the shell edges) are
introduced, then the use of an "improved (higher) knock-
down" factor \a derived by a stochastic approach should be
allowed. The proposed new improved shell design procedure
can be represented by the following formula:

(2)F. S.

where Pa = allowable applied load; Pc = lowest buckling
load of the "perfect" structure computed via one of the shell
codes; Aa = reliability-based improved (higher) knockdown
factor; and F.S. = factor of safety.

The steps involved in the derivation of such a reliability-
based improved (higher) knockdown factor Aa are the subject
of this paper.
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Fig. 4 Circumferential variation of the half-wave sine Fourier rep-
resentation (Shell AS-2).

II. Characteristic Imperfection Distributions
The use of the proposed statistical imperfection-sensitivity

analysis depends strongly on the availability of the so-called
characteristic initial imperfection distributions. Thus the crit-
ical question is: Can one associate characteristic initial im-
perfection distributions with a specified manufacturing proc-
ess? That the answer to this question is an unconditional yes
will be demonstrated by a few examples.

A. Laboratory Scale Shells
Figure 2 shows the measured initial imperfections of the

integrally stringer stiffened aluminum shell AS-2, which has
been tested at Caltech.13 Figure 3 shows the measured initial
imperfections of a similar shell KR-1 tested at Technion.11

For further analysis the measured initial imperfections are
decomposed in a half-wave sine Fourier series

W(x,y) = /y
'I I (3)
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Fig. 2 Measured initial shape of the stringer stiffened shell AS-2.1
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Fig. 3 Measured initial shape of the stringer stiffened shell KR-1.1
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Fig. 5 Circumferential variation of the half-wave sine Fourier rep-
resentation (Shell KR-1).

where h is the skin thickness and not some "effective" thick-
ness including the stringers.

For the sake of comparison Figs. 4 and 5 display the var-
iation of the measured half-wave sine Fourier coefficients as
a function of the circumferential wave numbers / for selected
axial half-wave numbers A:, for the shells AS-2 and KR-1. As
one can see in both cases the amplitudes of the Fourier coef-
ficients decay with increasing wave numbers both in the axial
and in the circumferential directions. The Donnell-Imbert14

analytical imperfection model

~X|7 4- D2
kl = — (4)

where the coefficients X, r, and s are determined by least
squares fitting the measured imperfection data displayed in
Figs. 4 and 5, represents the variation of the harmonic com-
ponents with axial (k) and circumferential (/) wave numbers
satisfactorily. Since both shells were machined out of seamless
thick-walled 6061-T6 aluminum alloy tubing, therefore the
imperfection model given by Eq. (4) represents the charac-
teristic imperfection distribution for this fabrication process.

B. Full-Scale Shells
Turning now to large-scale or full-scale shells, Fig. 6 shows

the three-dimensional plot of the measured initial imperfec-
tions of a large-scale shell (945.8 mm radius, 0.635 mm wall
thickness, 2743.2 mm length) tested at the Georgia Institute
of Technology.15 This shell was assembled from six identical
longitudinal panels and reinforced by 312 closely spaced Z-
shape stringers on the inside. The edges of the panels were
jointed by offset lap splices with stringers riveted along each
joint line. The shell was held circular by means of heavy rolled
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Fig. 6 Measured initial shape of Horton's shell HO-1.15
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Fig. 8 Measured initial shape of the ARIANE Shell AR23-1.16
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Fig. 7 Circumferential variation of the half-wave sine Fourier rep-
resentation (Shell HO-1).

Fig. 9 Circumferential variation of the half-wave sine Fourier rep-
resentation (Shell AR23-1).

bracket-shape external frames located 3.175 mm from each
shell end. In addition seven Z-shape equally spaced rings were
riveted to the outer skin. It can clearly be seen from Fig. 7
that the amplitudes of the Fourier harmonics with a single
half-wave in the axial direction have two distinct maxima, one
at / = 2 (out of roundness) and another at / = 6 (number of
panels the shell is assembled from). The Fourier coefficients
with more than a single half-wave in the axial direction are
in comparison much smaller.

In the last few years a number of imperfection surveys on
the Ariane interstage I/II and II/III shells have been carried
out.16 Figure 8 shows the three-dimensional plot of the Ariane
interstage II/III shell AR23-1 (1300.0 mm radius, 1.2 mm wall
thickness, 2730.0 mm length). These shells are assembled out
of eight identical longitudinal panels. Adjacent panels are
jointed by offset lap splices and one of the 120 equally spaced
hat-shape stringers is riveted along the joint line on the out-
side. The shells are held circular by two precision-machined
end-rings on the outside and five equally spaced bracket-shape
rings on the inside. As can be seen from Fig. 9 the amplitudes
of the Fourier harmonics with a single half-wave in the axial
direction this time have a distinct maximum at / = 8 (which
corresponds to the number of panels the shell is assembled
from). There is also a sizable 1 = 2 (out of roundness) com-
ponent. All other Fourier coefficients are in comparison much
smaller.

Thus, as has been pointed out by the first author in a survey
lecture,10 it appears from the results presented in Figs. 7 and
9 that for full-scale aerospace shells assembled out of a fixed
number of curved panels the initial imperfections will be dom-
inated by two components only, if the joints are riveted. Using
the half-wave sine axial representation both components will
have a single half-wave in the axial direction and, respectively,
two and Np full-waves in the circumferential direction, where
Np is the number of full-length panels out of which the shell
is assembled. By using accurately machined rigid end rings
the 1 = 2 (out of roundness) component can be significantly

reduced in size. The variation of the measured Fourier coef-
ficients with axial half-wave (k) and circumferential full-wave
(/) numbers can be approximated by expressions of the fol-
lowing type:

&/ =

kr
X,

(5)

where the coefficients^, X2, r, Il912, £i, and £> are determined
by least squares fitting the measured data displayed in Figs.
7 and 9. Thus Eq. (5) represents the characteristic imperfec-
tion distribution of full-scale aerospace shells assembled out
of a fixed number of full-length panels by riveted joints.

The above examples demonstrate unequivocally that indeed
characteristic initial imperfection distributions can be asso-
ciated with the different fabrication processes. It must also
be clear that further advances toward more accurate buckling
load predictions of thin shells depend on the availability of
extensive information about realistic imperfections and their
correlation with manufacturing processes. Hence the need for
the establishment of an International Imperfection Data Bank.

The purpose of creating this International Imperfection Data
Bank is twofold:

1) All the imperfection data obtained at different labora-
tories by different investigators are presented in identical for-
mat. This makes the comparison and the critical evaluation
possible, resulting in characteristic imperfection distributions
for the different manufacturing processes used.

2) For those who want to use the powerful nonlinear shell
analysis codes on today's supercomputers, the much-needed
realistic imperfection distributions are made available.

Besides contributions by Caltech, the TU-Delft, and Tech-
nion, the International Imperfection Data Bank contains re-
sults of initial imperfection surveys carried out at the Uni-
versity of Glasgow,17 Det norske Veritas,18 and others.
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III. Stochastic Stability Analysis
A. Some General Concepts

It has been demonstrated in the previous section that, in-
deed, one can associate characteristic initial imperfection dis-
tributions with the different fabrication processes (see also
Refs. 10-12). The question then arises: Given a characteristic
initial imperfection distribution, how does one proceed to
incorporate this knowledge into a systematic design proce-
dure?

Since initial imperfections are obviously random in nature
some kind of stochastic stability analysis is called for. The
buckling of imperfection sensitive structures with small ran-
dom initial imperfections has been studied by several inves-
tigators like Bolotin,19 Fraser and Budiansky,20 Amazigo,21

Roorda,22 and Hansen,23 to name just a few. In the absence
of experimental evidence about the type of imperfections that
occur in practice and in order to reduce the mathematical
complexity of the problem, all the above named investigators
have worked with some form of idealized imperfection dis-
tribution.

In 1979 Elishakoff24 proposed a generalization of the above
methods which makes it possible to introduce the results of
experimentally measured initial imperfections routinely into
the analysis. The proposed approach is based on the notion
of a reliability function /?(A), where by definition

R(X)=Prob(A>X)

- Prob(A > A) (6)

and A = normalized load parameter (= PAPC/) and A = nor-
malized random buckling load.

As can be seen from Fig. 10 the knowledge of the reliability
function permits the evaluation of the allowable load, defined
as the load level Xa for which the desired reliability is achieved,
for a whole ensemble of similar shells produced by a given
manufacturing process. Notice that the allowable load level
\a is identical to the improved (higher) knockdown factor
introduced in Eq. (2).

Initially Elishakoff suggested utilizing the Monte Carlo
method to obtain the reliability function R (A) for a certain
shell structure produced by a given fabrication process. In
later papers it was shown that by replacing the Monte Carlo
method by the first-order, second-moment method25 the num-
ber of deterministic buckling load calculations needed to de-
rive the reliability function 7?(A) is greatly reduced (from, say,
1089 to 13).

In the present paper it will be shown that by using the first-
order, second-moment method25'26 it is possible to develop a
simple but rational method for checking the reliability of or-
thotropic shells using some statistical measures of the imper-
fections involved, and to provide an estimate of the structural
reliability whereby also the specified boundary conditions are
rigorously enforced.

B. First-Order, Second-Moment Method
The first-order, second-moment method is based on the

state equation

Z = ., Xa) (7)

where the nature of the so-called performance function Z(. . .)
depends on the type of structure and the limit state consid-
ered, and wjiere the basic random variables Xt are the Fourier
coefficients of the initial imperfections. According to the def-
inition of Z, the equation

Z - 0 (8)

determines the failure boundary. Thus Z < 0 implies failure
and Z > 0 indicates success. The use of the first-order, second-

1.0
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Fig. 10 Reliability curve calculated via the first-order, second-mo-
ment method (SS-3 boundary condition: Nx - v = W = Mx = 0).

moment method then requires linearization of the function Z
at the mean point and knowledge of the distribution of the
random vector X. Calculations are relatively simple if X is
normally distributed. If X is not normally distributed, an ap-
propriate normal distribution has to be substituted instead of
the actual one.

In the present case one is interested in knowing the relia-
bility R(X) of the structure at any given load A; that is, one
wants to obtain

R(\) = Pr(As > A) = probability that A, > A (9)

In this case a function Z can be defined as

Z(A) = As - A = V(X19 X2, . . . , Xn) - A (10)

where As is the random buckling load and A is the applied
nondimensional deterministic load. It is apparent that in the
absence of a straightforward deterministic relation connecting
As and the Xt an analytical solution is unfeasible. However,
the first-order, second-moment analysis can be done numer-
ically, as has been reported in Ref . 26 for a different problem.

To combine the use of numerical codes with the mean value
first-order, second-moment method one needs to know the
lower order probabilistic characteristics of Z. In the first ap-
proximation the mean value of Z is determined as follows:

E(Z) = E(AS) - A

2 , . . . , Xn)] - A

J, E(X2), . . . , E(Xn)] - A (11)

This corresponds to the use of the Laplace approximation of
the moments of nonlinear functions. The value of

,), E(X2), . . . , E(XJ\ (12)
is calculated numerically by STAGS,27 the code that was cho-
sen for the numerical work. It corresponds to the deterministic
buckling load of the structure possessing mean imperfection
amplitudes.

The variance of Z is given by

Var(Z) = Var(A5) ~ cov(Xj9Xk) (13)

where cov(Xj,Xk) is the variance-covariance matrix. The cal-
culation of the derivatives dM/7d£y (or dV/d^) is performed
numerically by using the following numerical differentiation
formula at values of $ = E(X,) [or & - E(Xk)]:

(14)
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Having obtained the quantities E(Z) = E(AS) - A and
Var(Z) one can estimate the probability of failure PF(A) as

PF(\) = Pr(Z < 0) = Fz(0) = \[jz(t) dr (15)

where Fz(t) is the probability distribution function of Z and
fz(t) is the probability density function of Z.

Assuming that the performance function Z is normally dis-
tributed, then

where a = E(Z) and o-z =

where /3 = fl/crz is the reliability index, cf>(/3) is the standard
normal probability distribution function, and the error func-
tion erf(/3) is defined as

er 1 p— e~t2'2
V277 Jo

2/2 dt (18)

Finally the reliability R(\) will be estimated as

R(\) = I - PF(\) = 1 - Pr(Z < 0)

= 1 - F2(0) = i + erf(j8) - (19)

C. Statistical Measures of the Initial Imperfections
As can be seen from Eqs. 11 and 13, in order to be able

to evaluate the mean value and the variance of the perform-
ance function Z, one must know the mean values and the
variance-covariance matrix of the basic random variables Xt.
Since in this case the basic random variables Xt represent the
Fourier coefficients of the initial imperfections, the above
statistical measures can only be evaluated if a sufficiently
detailed initial imperfection data bank (see Refs. 28 and 29)
is available.

Thus, if complete initial imperfection surveys have been
carried out on a small sample of N nominally identical shells,
then the measured data can be represented by the following
truncated half-wave double Fourier series

, y} = cos

sn cos £ (20)

where m = 1, 2, . . . , N. As pointed out in Refs. 28 and 29,
the individual Fourier coefficients A$m\ C(^\ and Dffi can be
evaluated numerically from the measured imperfections data
by harmonic analysis. For the sake of simplicity one can write
Eq. (20) in an alternate way, replacing the double summation
in Eq. (20) by a single summation

, y) = h

h sin

cos
ZTTJt

am) cos + £>(•»> sin (21)

where m = 1, 2, . . . , N. The quantities indexed by r are
chosen so as to ensure the equivalence of the two series given
by Eqs. (20) and (21) and n2 = n - n. Then for each shell the
basic random variables are assigned as follows:

.j — -**-l

Xm+m+l = D,

-**-2 = •**-2 -**-n\ = -^n\

m+n2 — Cn2

n2 = Dm (22)

Their mean values are estimated by ensemble averaging
yielding

I AT

1 TV
N~i ̂  * = "l + 1, - . - , « 1 + «2

i A/'

£(J^) = - E ,̂(m) / = «! + n2 + 1 , . . . , « ! + 2n2

(23)

In this case the variance-covariance matrix has the following
structure

cov(^-, X^ = KC (24)

The elements of this matrix are once again estimated by
using ensemble averaging. Thus

KAfAq = - - E(AP)](A<>» - E(Aq)] (25a)

(25b)

m

m = l

(25d)

,)] (25e)

r)][DF> - E(DS)} (25f)

Notice that these quantities represent unbiased estimates. An
advantage of this method is that the statistical parameters of
the initial imperfections are estimated from the real meas-
urements on the shell profiles. The only assumption made is
that the Fourier coefficients have a multivariate normal
distribution.

D. Calculation of Derivatives
As mentioned earlier the calculation of the derivatives d^l

dgj is done numerically by using the numerical differentiation
formula given by Eq. (14). Thus, to find these derivatives, it
is necessary to carry out collapse load calculations with mean
imperfections. In this study the computation of the collapse
loads is done with a modified finite difference version of the
well-known code STAGS, which was originally developed in
the early 1970s for the nonlinear collapse analysis of shells
with general shapes.
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The finite difference version of STAGS is based on a theory
in which the shell surface is subdivided, by means of a finite
difference grid, into a set of sub areas. The strain energy den-
sity for each subarea is then expressed in terms of displace-
ment components and their derivatives. Next the derivatives
are replaced by their finite difference equivalents, and the
strain energy, together with the potential energy due to the
applied loads, is summed over the shell surface. The total
potential energy of the shell is then minimized according to
familiar energy principles, and the resulting system of non-
linear algebraic equations is solved by a Newton-Raphson
technique. The nonlinear shell theory of Ref. 30 is used, and
the boundary conditions are rigorously satisfied. With the aid
of user-written subroutines, very general initial imperfections
can be introduced. In the present work the initial imperfec-
tions are taken to be similar to Eq. (21). Increments of load,
increments of axial displacements, or increments of the "arc
length" (see Ref. 31) can be used as the control parameter.

IV. Numerical Results
In the previous section the solution of the stochastic stability

problem of Eq. (6) has been reduced to a series of N + I
deterministic buckling load analyses. Several of the currently
available structural analysis computer codes27'32'33 have the
capability of calculating the effect on buckling of given initial
imperfections. However, as has been pointed out by Arbocz
and Babcock34 the success of such deterministic buckling loadv
analysis depends very heavily on the appropriate choice of the
model used, which in turn requires considerable knowledge
by the user as to the physical behavior of the imperfect shell
structure. This knowledge can best be acquired by first using
the series of imperfection sensitivity analysis of increasing
complexity that have been published in the literature.1'2'35-36

A. Characterization of Test Shells
For the statistical calculations the data associated with the

integrally stringer stiffened aluminium alloy shells tested at
CALTECH in 1969, the so-called AS-shells are used.28 The

shell properties are given in Table 1. For the numerical com-
putations the properties of shell AS-2 are used.

Before the shells were buckled their initial imperfection
was measured. Figure 2 displays the best-fit initial imperfec-
tion of shell AS-2.28 The imperfection has been normalized
by the shell thickness and is rolled out to show the circum-
ferential and axial distribution. The largest deviation from the
perfect shape is 0.93174 • h mm. It has been shown in Ref.
37 that for stringer stiffened shells satisfactory correlation
between theoretical predictions and experimental results re-
quires the inclusion of both the initial imperfections and the
appropriate elastic boundary conditions in the analysis. To
illustrate this effect reliability functions will be derived for
SS-3 (Nx = v = W = Mx = 0), C-3 (Nx = v = W = W,x =
0), and C-4 (u = v = W = W,x = 0) boundary conditions.
The collapse load calculations are done according to the ap-
proach recommended in Ref. 34, where it was pointed out
that when one is studying the behavior of an imperfect shell
it is necessary to determine first those buckling modes of the
perfect shell that correspond to a few of the lowest buckling
loads.

The buckling behavior of the stringer stiffened shell AS-2
has been studied extensively in the past (see Refs. 10, 34, 37).
The results of Ref. 37 seem to indicate that the experimental
boundary conditions of the test setup used to buckle the AS-
shells at CALTECH13 imposed elastic boundary conditions.
This is contrary to the earlier belief that it approached closely
the fully clamped C-4 boundary condition.

An eigenvalue map of modes calculated using nonlinear
prebuckling with simply supported SS-3 boundary condition
is shown in Table 2. A similar map for fully slamped C-4
boundary condition is displayed in Table 3. Notice that these
tables identify by circumferential wave number and order of
eigenvalue those modes that have buckling loads close to the
lowest buckling load. Notice that the critical mode shapes
may be symmetric or antisymmetric with respect to x = L/2.
Thus in certain areas it may not be admissible to model only
half the shell length.

Table 1 Geometric and material properties and experimental buckling loads of the AS-shells

, mm -L, mm2 el, mm /n x 102, mm4 In x 102, mm4
ly mm

AS-2
AS-3
AS-4

0.1966
0.2807
0.2593

0.7987
0.7432
0.4890

0.3368
0.3614
0.2758

1.5038
1.2033
0.3474

4.9448
4.0146
1.2383

8.0239
8.0289
8.0112

14286.3
22357.1
17074.9

Note: For all shells, E = 6.895 x 104 N/mm2; v = 0.3; R = 101.60 mm; L = 139.70 mm; NR x NC = 21 x 49; 80 stringers.

Table 2 Buckling loads of the perfect AS-2 shell using nonlinear prebuckling
(SS-3 boundary conditions: Nx = v = W = Mx = 0)

k
I
2
3
4

/ = 8
1.2314
1.7877a
2.1203a
2.3068

9
1.0416
1.6158a
1.8867
2.0466a

10
1.000
1.4292a
1.7392
1.95708

11
1.0702
1.2756s
1.6002
1.85303

12
1.1791a
1.2190
1.4947
1.7459*

13
1.1390a
1.3252
1.5140
1.6546a

14

1.1475a
1.2995
1.5888a
1.6553

15

1.1944a
1.2783
1.5511a
1.7333

Note: All eigenvalues are normalized by -223.960 N/cm.
aMode shape is antisymmetric atx = L/2.

Table 3 Buckling loads of the perfect AS-2 shell using nonlinear prebuckling
(C-4 boundary conditions: u = v = W = W9x = 0)

k
1
2
3
4

/ - 11

1.1316
1.1973a
1.3862
1.4518a

12
1.0881
1.0899a
1.3182
1.3685a

13
1.0265a
1.0723
1.3023
1.3038a

14

1.0000a
1.0583
1.2576a
1.3413

15
1.0041a
1.0486
1.2286a
1.3565

16
1.0331a
1.0504
1.2159a
1.3515

17
1.0659
1.0811a
1.2188a
1.3555

18
1.0949
1.1418a
1.2381a
1.3688

Note: All eigenvalues are normalized by -316.890 N/cm.
aMode shape is antisymmetric at x = L/2.
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B. Analysis of Imperfect Shell
The buckling analysis of an imperfect shell can be carried

out in a variety of ways with varying degrees of complexity.
The purpose of this section is to determine the success of
these types of analyses in predicting the buckling load of the
test shell described in Sec. A. An additional purpose is to
discover what each analysis has to contribute to the next level
of analysis complexity.

The simplest type of imperfection sensitivity analysis is that
introduced in Ref. 1 and further developed in Refs. 2, 10,
and 38. In this analysis the sensitivity of the buckling load to
a general single-mode asymmetric imperfection is studied.
The results are expressed as

(1 - ft)3'2 = (3/2)V^3^[l - (j8/a)(l - ft)] HI (26)

where_p5 = NS/NC, Ns is the limit load of the imperfect struc-
ture, £ is the normalized amplitude of the initial imperfec-
tion, and Nc is the critical buckling load of the perfect shell.
The second postbuckling coefficient b and the first and sec-
ond imperfection form factors a and /3 are calculated with
ANILISA.38

Assuming as a "worst type" of imperfection that W is in
the form of (affine to) the lowest buckling mode, then

W = lhw(x) cosR (27)

However, considering the measured initial imperfections of
the shells shown in Figs. 2 and 3 one could also say that it
appears from the Fourier representation of the measured data
that sizeable imperfections can best be represented by the
following trigonometric (trig) form:

—- - . km lyW = gh sin —— cos -jr
L R (28)

where k and / are integers.
For the shell AS-2 ANILISA38 yields the following results:
1) Using rigorous prebuckling analysis and Nx = v = W =

Mx = 0 (SS-3) boundary conditions, for the affine imperfec-
tion of Eq. (27), a2b = -0.0254, j8 - 0.9395; for the trig
imperfection of Eq. (28), a2b = -0.0224, p = 0.9102; with
A: = 1, / = 10.

Assuming that the amplitude of the imperfection is equal
to the largest deviation from the perfect shape found in Fig.
2, then £ = 0.932 and Eq. (26) yields the following imperfect
shell buckling loads: for the affine imperfection, ps = 0.616;
for the trig imperfection, ps = 0.618. Notice that in this case
ps = NS/NC is normalized by Nc = - 223.960 N/cm, the critical
buckling load of the perfect AS-shell using the SS-3 boundary
conditions.

2) Using rigorous prebuckling analysis and u = v — W =
W,x = 0 (C-4) boundary conditions, for the affine imperfec-
tion of Eq. (27), a2b = -0.1552, /3 = 0.9711; for the trig
imperfection of Eq. (28), a2b = -0.0984, j3 = 0.7805; with
k = 2,1 = 14.

Using once again f = 0.932, the largest deviation from the
perfect shape found in Fig. 2, then Eq. (26) yields the fol-
lowing imperfect shell buckling loads: for the affine imper-
fection, ps = 0.440; for the trig imperfection, ps = 0.488. It
is important to remember that in this case ps = NS/NC is
normalized by Nc = -316.890 N/cm, the critical buckling
load of the perfect AS-2 shell using the C-4 boundary con-
ditions.

Comparing the predicted buckling loads of Nss_3 = -137.959
N/cm and Nc_4 = —154.642 N/cm based on the simple, single-
mode, asymmetric imperfection model with the experimental
buckling load of Afexp = -223.793 N/cm, one must conclude
that the above predictions based on SS-3 or C-4 boundary
conditions are overly conservative, especially for weight-sen-

1.0

0.5

•Single Mode Imperfection1351

(axisymmetrtc half-wave sine)

Single Mode Imperfection1351

(affine to lowest buckling mode)

"2-Modes" imperfection1351

Multi-Mode Analysis1361

(7-Modes imperfection)

0 0.5 1.0 g

Fig. 11 Imperfection sensitivity for different imperfection models.

sitive applications. This implies that for better prediction a
more detailed imperfection model must be used.

The imperfect shell AS-2 has been analyzed in the past
using other models of various degrees of complexity. The most
interesting results are displayed in Fig. 11. The interested
reader should consult Refs. 10, 34, and 37 for further details
and results.

C. Use of STAGS27 to Derive Reliability Functions
The highest level of complexity in analysis is to use a two-

dimensional nonlinear shell analysis code such as STAGS.
With the use of this type of numerical tool one can, in prin-
ciple, determine the buckling load of a complete shell struc-
ture including the effect of arbitrary prescribed initial imper-
fections represented by a double Fourier series. The
computations reported in this paper were carried out with a
STAGS-A code27 modified so that besides increments of load
and of axial displacement, increments of a "path parameter"31

can be used as a loading parameter.
The number of imperfection modes included in the analysis

is limited by practical considerations, like the time required
for obtaining the solutions of all the buckling problems needed
for the calculation of the derivatives d^/d£y. Thus, since the
shell buckling load is determined by solving the governing
equations for a particular set of initial imperfections, an at-
tempt to select an optimal combination of these modes must
be made. There is a need to identify those imperfection modes
that dominate the prebuckling and the collapse behavior of
the shell.

Examples of attempts to identify "critical imperfection
modes," defined as that combination of axisymmetric and
asymmetric imperfection modes that would yield the lowest
buckling load, have been reported in the literature.34"36 These
studies have shown that in order to yield a decrease from the
buckling load of the perfect structure, the initial imperfection
harmonics used must include at least one mode with a sig-
nificant initial amplitude and an associated eigenvalue that is
close to the critical buckling load of the perfect structure.
Relying on the results of earlier investigations of the buckling
behavior of the imperfect AS-2 shell,39 it was decided to use
the following initial imperfection model for the collapse load
calculations:

W = hA2$ cos

|1>10cosl00

|1?11cosll0 + |M9cosl90 + |1>21cos210) (29)

D2
kl and 8 = y/R.where &?/ = \/C2

kl +
Notice that the shape of this imperfection model is sym-

metric in the axial direction about the center of the shell,
hence only half of the shell length needs to be modeled.
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Boundary conditions

© u*0 , v=W=W,x=0
@,(D,© symmetry

Fig. 12 Discrete shell model and the boundary conditions used.

R(X)=Prob(A>X)

1.0

1.0

Fig. 13 Reliability curve calculated via the first-order, second-mo-
ment method (C-4 boundary condition: u = v = W = Wx = 0).

Table 4 Values of the equivalent Fourier coefficients and the
reduced sample mean vector

2̂,0

£1,2
£.9

6,10

6,11
6,19

6,21

*;• ,i
2
3
4
5
6
7

AS-2
0.00455
0.33691
0.08843
0.05524
0.05494
0.01106
0.00879

AS-3
0.01378
0.08298
0.02445
0.03148
0.01912
0.00689
0.00475

AS-4
-0.01126
0.54217
0.00297
0.00414
0.00502
0.00424
0.00095

E()
0.00236
0.32069
0.03862
0.03028
0.02636
0.00740
0.00483

Table 5 Derivatives of if/ with respect to the equivalent Fourier
coefficients (seven-mode imperfection model)

SS-3 C-3 C-4

2̂,0

6,2

6,9

6,10
ii.ii
6,19

6,21

1
2
3
4
5
6
7

-0.6354
0.1498
0.6924
0.9138
0.6233
0.2449
0.1811

-0.6460
0.1522
0.6863
0.9344
0.7390
0.2795
0.2591

-0.5986
0.1582
0.3678
0.6672
1.0844
0.2922
0.4202

However, the imperfection model includes modes with both
even and odd numbers of circumferential waves. This implies
that in order to be able to use the symmetry conditions at
9 = 0 and 6 — A0, half the shell perimeter must be modeled
(A0 = 180 deg). Based on the results of convergence studies
published earlier,39 this leads to the use of the discrete model
shown in Fig. 12 consisting of 21 x 131 mesh points. The
above imperfection model requires eight collapse load calcu-
lations in order to be able to evaluate the derivatives di/>/dfy.

In order to apply the first-order, second-moment method,
the mean buckling load has to be calculated first. Using the
imperfection model of Eq. (29) with the mean values of the
corresponding equivalent imperfection amplitudes listed in
Table 4, the result of the calculation is E(AS) = 0.87538,
whereby the mean buckling load is normalized by -223.079
N/cm, the buckling load of the perfect AS-2 shell computed
using nonlinear prebuckling and SS-3 boundary conditions.

In the following the derivatives di/j/d^ are calculated. For
the increment of the random variable in Eq. (14), 10% of the
original mean value of the corresponding equivalent Fourier
coefficient is used, so that A£ = 0.10 • E(X}). The calculated
derivatives are listed in Table 5. In this study the increments
of the path parameter are chosen in such a way that the limit
loads are found accurate to within 0.01%. Next, using the
reduced sample variance-covariance matrix displayed in Table
6, one can evaluate the mathematical expectation and the
variance of Z. The results of these calculations are E(Z) =
0.87538-A and Var(Z) - 0.00486. Finally the reliability for
SS-3 boundary conditions is calculated directly from Eq. (19)
and is plotted in Fig. 10. Notice that for a reliability of 0.98
one obtains a knockdown factor of \a - 0.73, where in this
case Xa is normalized by -223.079 N/cm, the buckling load
of the perfect AS-2 shell using nonlinear prebuckling and the
SS-3 boundary conditions.

Switching now to the C-4 boundary conditions and using
the same imperfection model as above, the calculated mean
buckling load becomes E(AS) = 0.96298, a value that is nor-
malized by -315.323 N/cm, the buckling load of the perfect
AS-2 shell computed using nonlinear prebuckling and the C-4
boundary conditions. Next, proceeding as described above,
the derivatives di///df; are calculated. The values obtained are
also listed in Table 5. The computation of the mathematical
expectation and the variance of Z yield the values of E(Z)
= 0.96298-A and Var(Z) = 0.00400, respectively. Using Eq.
(19) to calculate the reliability function R(\) for C-4 boundary
conditions, the result is displayed in Fig. 13. Notice that in
this case for a reliability of 0.98 one obtains a knockdown
factor of Xa = 0.84, where now Xa is normalized by - 315.323
N/cm, the buckling load of thet perfect AS-2 shell using the
C-4 boundary conditions.

Comparing the buckling loads predicted for a reliability
of 0.98 of Nss_3 = -162.848 N/cm and Nc_4 = -264.871
N/cm based on the seven-mode imperfection model of Eq.
(29) with the experimental buckling load of 7Vexp = - 223.793
N/cm, one notices that the calculated results seem to sup-
port the suggestion made in Ref. 37 that the experimental
boundary conditions of the test setup used to buckle the AS-
shells at CALTECH13 imposed some sort of elastic boundary
conditions.

Table 6 Reduced sample variance-covariance matrix (all terms are multiplied by 100)

1
2
3
4
5
6
7

1
0.01604
0.28485

-0.02165
-0.02122
-0.01354
-0.00226
-0.00303

2

5.29110
-0.18590
-0.28341
-0.12712
-0.02590
-0.03884

3

0.19763
0.10789
0.11436
0.01511
0.01683

4

0.06537
0.06313
0.00866
0.01001

5

Symmetric

0.06625
0.00879
0.00983

6

0.00118
0.00134

7

0.00154
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V. Conclusions
The results presented in this paper demonstrate conclu-

sively that indeed it is possible to use the first-order, second-
i moment method to derive reliability-based improved knock-
down factors for orthotropic shells under axial compression.
In order to apply the method described in this study with
confidence it is necessary that sufficient experimental data be
available so that the statistical properties of the random var-
iables involved can be estimated accurately.

A comparison of the improved knockdown factors Xa ob-
tained using SS-3 (see Fig. 10) and C-4 (see Fig. 13) boundary
conditions illustrates very effectively the statement made in
Ref. 39, that the key to the success of any stochastic stability
analysis lies in the reliability and accuracy of the buckling load
predictions made by the deterministic buckling analysis used.
Thus, in cases where besides initial imperfection the collapse
load of the structure is also greatly influenced by the type of
boundary conditions used, one must model the experimental
boundary conditions accurately. This may imply the need for
using elastic boundary conditions in place of the idealized
boundary conditions (SS-3 or C-4) used in this paper. For
further details on this subject the interested reader should
consult Refs. 5 and 40.

It is well known that the success of the deterministic buck-
ling load analysis depends very heavily on the appropriate
choice of the nonlinear model employed, which in turn re-
quires considerable knowledge by the analyst of the expected
physical behavior of imperfect shell structures. The authors
wish to stress the fact that only a shell design specialist, who
is aware of the latest theoretical developments and who is
familiar with the theories upon which the nonlinear structural
analysis codes that he or she uses are based, can achieve the
accurate modeling of the collapse behavior of complex struc-
tures that guarantees a successful application of the method
described in this study. The danger of incorrect predictions
lies in the use of sophisticated computational tools by persons
of inadequate theoretical background.

It must also be stressed that in this case the development
of the proper numerical simulation procedure relies heavily
on experimental data. Thus for a successful implementation
of the proposed improved shell design procedure the com-
panies involved in the production of shell structures must be
prepared to do the initial investment in carrying out complete
imperfection surveys on a small sample of shells that are rep-
resentative of their production line. With the modern meas-
uring and data acquisition systems complete surface maps of
very large shells can be carried out, at a negligibly small
fraction of their production cost.

That the proposed shell design procedure is also applicable
to composite shells has been demonstrated in Ref. 41. In that
case the random variables can represent not only initial im-
perfections but also other phenomena that have a random
character, such as delamination buckling. Further, by using
the appropriate numerical tools one can also include in the
analysis, in addition to initial imperfections and (elastic)
boundary conditions, other factors such as the effect of shear
deformation or the effect of plastic yielding, if so desired.

Finally, it is believed that as the amount of data on char-
acteristic initial imperfection distributions classified according
to fabrication processes increases, one shall succeed with the
modern tools of information science like data banks and com-
puter networks to make the proposed improved shell design
procedure available to more and more shell designers. Thus,
finally, the engineering community will be able to point to
the successful solution of one of the most perplexing problems
in mechanics.
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